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EXERCISE 21

- Prove that any term which is in the complementary function Y. need not

be included in the trial solution y,. (Hint. Show that the coefficients of
this term will always add to zero.)

Prove that if F(z) is a function with a finite number of linearly independent
derivatives, i.e., if F™(z), F*=(g), -+ . F'(z), F(z) are linearly independ-
ent functions, where n is a finite number, then F(z) consists only of such terms
as a, z*, ¢°%, sin ar, cos az, and combinations of such terms, where a is a
constant and k is a positive integer. Hint. Set the linear combination of these
functions equal to zero, i.e., set

CoF ™(2) + Coct F=D(z) + -+ - C1F(z) + CoF(z) = 0,

where the C’s are not all zero, and then show, by Lesson 20, that the only
functions F(x) that can satisfy this equation are those stated.

Find the general solution of each of the following equations.

3.y 4+ 3y + 2y = 4. 10. ' — 2y’ — 8y = 9ze* + 10e—=.

4. ' + 3y + 2y = 12¢=. 11. 4" — 3y’ = 2¢2*sin x.

5 y" 4+ 38y + 2y = e=. 12 y® — 29" + y = z — sin z.

6. vy’ + 3y + 2y = sin z. 13. '+ o = 22+ 2z.

7. ¥+ 38y + 2y = cosz. 14. ¥y’ + v = z -+ sin 2z.

8 ¥+ 3y’ +2y =8+ 6e*+2sinx.  15. y” + y = 4z sinz.

9. v+ 4y +y = 22 16. "' + 4y = z sin 2z.

17. " + 2 +y = 22¢—=

18. ¥+ 38y + 3y + y = 2% — z2e—=,

19. ' 4+ 3y’ 4+ 2y = e—2= + 22, 2L ' 4+ — 6y = z -+ 22,

20. 4" — 3y + 2y = ze—=. 22. ¥+ y = sinz + e~=.

23. ¥ — 3y + 3y — y = e~

24, y' +y = sin?z. Hint. sin?z = 3 — % cos 2z.

25. /" — o' = e2*sin? 2.

26. y + 2y 4+ o/ = 2z + sinz + cosz. Hint. Solve y® 420"+ =
2z -+ €'*; see Example 21.51.

2. y" +y = sin2zsinz. Hint. sin2zsinz = 4 cosz — % cos 3z.

For each of the following equations, find a particular solution which

satisfies the given initial conditions.
28. vy — 5y — 6y = €32, y(0) = 2,y'(0) = 1.

29. ¢y’ —y — 2y = 5sinz, y(0) = 1,y (0) = —1.
30. y" — 2y +y = 2+ 2z, y(0) = 0,4'(0) =0,y"(0) = 0.
3. y/ 4+ 9y = 8cosz, y(m/2) = —1,y(7/2) = 1.

32. vy — 5y’ + 6y = e*(2x — 3), y(O),= 1, '(0) = 3.
33. ' — 3y 4+ 2y = e y0) =1,y(0) = —1
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ANSWERS 21

c1e~%% + coe~* -+ 2.

c1e—2% -+ coe% -+ 2¢°.

c1e™2% 4 coe™* + f5(e™* — 3ie™).
c1e~2% 4 coe™* + f5(sinx — 3 cos z).
c1e~2% 4+ coe™* + {#5(3 sin z + cos ).

c1e~2% 4+ coe® + 4 + €* + E(sinz — 3 cos x).
—z/2 3 . 3 2
e clcos—?x—l—wsm——z——x + z° — 2z.
c1e*® + coe™2* — ze* — 277,

2z

1+ coe®® — 95— (3 sin  + cos z).

sin z
4

(c1 + coz)e” + (c3 + cax)e™ *+ z —
3
—2z T
c1+ cee "+ 3
x2 1
c1 + coe "+ ST (2 sin 2z -+ cos 2z).

¢1 cosz + c2sinx — z(z cos z — sin ).

¢1 ¢os 2z + c2 sin 22 — 1% (2z cos 2x — sin 2z).
x4e—-—z
cie -+ coxe™ "+ 3
3 —z
cre™® - coze” + czz’e "+ x;o (20 — z°).
2

-2z —z X 3z 7 —2z
cie + coe” "+ 5 5 + i ze .
c162% + coe® + Fg(6xe* + 5e~7).

—3z 2z z 1 ze
cre e 6 %+51

x —z
5 cCosS 2 + 56 .

3
(01 + cox + 03x2—l—%—> P
. 1 2
01cosac-—i—c:3s1nac—|——2-~{—gos6 T,
1 9 cos 2z — 7 sin 2x) 27

c1+ coe” 4 e3¢ + <T§ + 550

cicosx+ cesinr —

cl-l—czsinx—}—03cosx+C4xsinx+c5xcosx+x2

(cos z — sin z).
cos 3z
16

. T .
clcosx—{—csgsmx—l—zsmx—i—

‘%—?662: _l__ '3%6_:6 _ Tlﬁ_e&v'

3e2* 4 te* — Ssinx + 4 cos .
224 4z 4+ 4+ (22 — 4)e*.

cos ¢ + % cos 3z + sin 3z.

e2* + ze®,

y = —10e%* 4 15¢* + e~
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